The problem of fast viscous steady Rayleigh-Bénard convection in a rectangular enclosure is revisited using asymptotic and numerical methods. There are two generic cases: in the first, there is zero shear stress at all boundaries; in the second, there is zero shear stress at the vertical boundaries, but no slip at the horizontal ones. For the first case, we reconcile our new numerical solutions to the full equations with earlier asymptotic results for large Rayleigh number and effectively infinite Prandtl number. For the second case, we first derive the corresponding asymptotic theory and then reconcile it also with the relevant full numerical solutions. However, the latter also indicate behavior which the asymptotic theory does not predict, for Rayleigh numbers in excess of just over 10 6 and aspect ratios in excess of around 1. 
I. INTRODUCTION
The steady flow of an infinite Prandtl number Boussinesq fluid confined between a rectangular enclosure with stress-free boundaries and heated from below has come to serve as a paradigm for the natural convection in the earth's mantle that is the driving mechanism for plate tectonics. Although the relation to mantle convection has long been known to be doubtful, especially when the fluid is assumed to be isoviscous and the boundaries are stress-free, this case constitutes nevertheless the starting point for the more realistic case when the viscosity is temperature-dependent. 1 This is particularly the case whenever numerical computation is involved, as this example serves as a convenient benchmark. [2] [3] [4] [5] [6] [7] [8] [9] A related problem which has often been discussed in tandem concerns the case when the horizontal boundaries are made no-slip instead. [10] [11] [12] Whilst Roberts, 10 Jimenez and Zufiria, 11 and Fowler 12 have tackled many analytical aspects of the problem, a number of unresolved issues remain. Jimenez and Zufiria 11 claim that there is an error in Roberts' earlier analysis for the no-stress case, whereas Fowler 12 claims that there is an error in Roberts' analysis for the no-slip case. Furthermore, Jimenez and Zufiria 11 claim that the problem for the case with no-slip horizontal walls has no solution, but do not provide details. Their inference is that the boundary-layer approximation fails, which Fowler 12 deems a hazardous conclusion, whilst giving suggestions as to how the boundary-layer and plume structure should look like. Also of relevance to the no-slip case are the papers of Grossmann and Lohse; 19, 20 we return to these in more detail later. Other recent related work is due to Chini and Cox, 13 although they consider the problem for finite values of the Prandtl number. Jimenez and Zufiria 11 also compared their boundary-layer solution with earlier numerical results, [14] [15] [16] [17] [18] although the latter were not computed at high enough Rayleigh number in order to enable a meaningful comparison to be made. In summary, there is no clear agreement as to what the solutions to the two problems actually are. 
II. PROBLEM FORMULATION
A schematic for the problem is given in Fig. 1 , which shows one of a series of periodically repeating Bénard cells of height H and width W. The horizontal boundaries at y = 0 and H are at temperatures T h and T c , respectively, where T h > T c , and are subject to no slip or no tangential shear, whereas x = 0 and W constitute symmetry boundaries.
In primitive variable form, the equations of thermal convection with the Boussinesq approximation and neglecting the inertia terms in the Navier-Stokes equations, which corresponds to the assumption of infinite Prandtl number, are then
ρ 0 c p uT x + vT y = k T xx + T yy ,
where μ is the viscosity, ρ 0 is a reference density, T 0 is a reference temperature, k is the thermal conductivity, c p is the specific heat capacity, α is the thermal expansion coefficient, and g is the acceleration due to gravity. The boundary conditions are
In tandem with the problems posed by Eqs. (1)-(4) subject to (5)- (8), we will also consider what happens when no-slip conditions are applied at y = 0 and H; in this case, boundary conditions (5) and (6) will be replaced by
respectively. We nondimensionalize by writing
(11) Equations (1)-(4) become, on dropping the tildes,
where the Rayleigh number, Ra, is given by
The boundary conditions are where λ = W/H ; when no-slip conditions are applied at y = 0 and 1, (17) and (18) will be replaced by
respectively. Whilst the primitive-variable formulation description given above is useful for full numerical computation, a streamfunction-vorticity formulation is more convenient for the ensuing asymptotic analysis. For this, we define a streamfunction, ψ, through
The governing equations are then written as
where ω(= v x − u y ) is the vorticity. The boundary conditions for Eqs. (24)-(26) are
when no-slip conditions are applied at y = 0 and 1, Eqs. (27) and (28) will be replaced by
respectively. Finally, a dimensionless number of interest that characterizes the heat transfer will be the Nusselt number, Nu, given by
III. ANALYSIS
The asymptotic structure of the flow when boundary conditions (27) and (28) are used has been established previously, 10, 11 but, for completeness, it is shown in Fig. 2 . This consists of an isothermal core region, vertical plumes of thickness O(Ra −1/3 ) at x = 0, λ, horizontal boundary 
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For the analysis, we will focus instead on the problem when (31) and (32) are used. Before proceeding further, it is beneficial to rescale ψ and ω through ψ =ψ 3 , ω =ω 3 , so that, although (27)-(30) remain unchanged, (24)-(26) become, on setting = Ra −1/5 and once again dropping the tildes,
Roberts 10 and Fowler 12 have both given some aspects of the foregoing analysis, for example, both predict horizontal boundary layers of thickness Ra −1/5 , vertical plumes of thickness Ra −1/3 and that Nu ∼ Ra 1/5 ; we show the derivation of the latter in Appendix A. Even so, there are errors in the first work and omissions in the second, which we address here.
A. Core
In the core, the Prandtl-Batchelor theorem and the symmetry of the flow lead to θ = 1/2, as in the case where there is no shear at all boundaries, 11 whereas ψ satisfies
and clearly the core flow cannot have ψ = ω = 0 at the boundaries for non-zero ψ. In fact, ψ jumps at the side-walls where the plume buoyancy generates a non-zero vorticity; it is therefore necessary to examine the plumes.
B. Plumes
Near x = λ, for example, we rescale the variables as
the reason for choosing this scaling is given when we consider the corner regions in Sec. III D. At leading order, Eq. (34) gives
whence ∼ −v p (y) X , and to match to the core flow, we define v p = − ψ x | x=λ as the core velocity at x = λ. Also, Eqs. (35) and (36) give, respectively,
the former of which integrates twice to give
where matching requires ω p to be the core vorticity at x = λ. In von Mises' coordinates (y, ), Eq. (41) becomes
where ζ = 
whence ∞ 0 ϑd = χ, an unknown positive constant that is to be determined; then, from the second equation in (42), it follows that the core flow must satisfy the boundary condition
As for ϑ, it satisfies (43), subject to (44), (45), and
i.e., the initial plume profile is effectively a delta function, δ(ζ ). The plume temperature is just the resultant similarity solution, i.e.,
In summary, the effective boundary conditions for the core flow, and hence Eq. (37), are
and the solution can be found as ψ = χ 1/2ψ , whereψ has to be computed numerically. It thus remains to determine χ , and this requires consideration of the horizontal thermal boundary layers.
C. Boundary layers
Consider next the layer at y = 0. Setting
we have
subject to
where ω ∞ (x) will be known, up to the constant χ , from the core solution, i.e., ω ∞ (x) = ω(x, 0); note that vorticity balances buoyancy in Eq. (56), an omission in Roberts' paper 10 which precludes the possibility of a similarity solution. Moreover, because it will be necessary to find the solution numerically, it is evident that the form of the boundary conditions for ψ and ω * is rather awkward: there are two conditions on at Y = 0 and none as Y → ∞, and no conditions at all on ω * at Y = 0. This is discussed further in Appendix B.
Although there is no similarity solution, the use of similarity-like transformations for solving these equations numerically is nonetheless essential. Setting
Eqs. (55)- (57) become
Consider first the behavior of these equations as x → 0. ω ∞ (x) will come from the solution of (37), subject to (50)-(53). Setting x = rcos θ , y = rsin θ for a local analysis about (0,0), we find
and hence
which means that ω ∞ ∼ −ω 0 x −1/2 , where ω 0 = χ 1/2 . Now, in the limit as x → 0, Eqs. (60)-(62) reduce to
where
with as the gamma function, given by
We return to the significance of the expressions in Eq. (70) after we have considered the corners.
D. Corners
For flow with no-shear boundary conditions, the size of all four corner regions was determined by the location at which the core solution broke down; this always happened further from the corner, i.e., sooner, than the boundary-layer solution. For no-slip boundary conditions, however, the situation is slightly different. First of all, Eq. (35) indicates that the core solution should break down when 2 ω/r 2 λ,0 ∼ 1/r λ,0 , where r λ, 0 denotes the radial coordinate with origin at (λ, 0); on using (66), we obtain r λ, 0 ∼ Ra −4/15 . However, the boundary-layer assumption would have already broken down much sooner at r λ, 0 ∼ Ra −1/5 ; this is similarly the case at (0, 1). On the other hand, near (0, 0) and (λ, 1), the incoming plumes break down when r λ, 1 ∼ Ra −3/10 , somewhat closer to the corner than where the core solution breaks down. We consider the two types of corner in turn.
Consider first the corner at (λ, 0). On using (54) and
Equation (73) , as required. Moreover, because θ and ω cannot satisfy the boundary conditions at x = λ itself, further sub-layers will be necessary to account for this; we omit the details here, as such regions are asymptotically small and do not contribute, at leading order, to the Nusselt number.
Next, consider now the corner at (0,0). Here, we set
with Eqs. (34)- (36) becoming
which also indicates that θ = θ ( ); once again, sub-layers lying beneath the corner layer would be required to take account of the fact that θ , as given by Eq. (76), does not satisfy the boundary conditions at Y = 0. Finally, although the analysis for both types of corner resulted in θ = θ ( ) and a need for sub-layers, the significance for the boundary-layer and plume equations that hold on either side of the corners is different. The corner regions near (0,0) and (λ, 1) are much smaller in lateral extent than the boundary layers that exit them; consequently, these boundary layers can be thought of as self-starting, with the expressions in Eq. (70) constituting initial conditions. On the other hand, the corner regions near (λ,0) and (0, 1) are greater in lateral extent than that of the plumes that exit them; thus, the vertical plumes see the effect of the horizontal boundary layers through the constant of proportionality, χ , that enters at Eq. (48). Note also how the situation differs to that for the problem with horizontal no-shear boundaries: there, the vertical plumes are as thick as the horizontal boundary layers, resulting in a periodic boundary-layer equation for θ around the whole cell; 11 for horizontal no-slip boundaries, the crux of the problem is the solution of the boundary-layer equations at either y = 0 or 1, which we turn to shortly. Thus, both problems display the periodicity that one would expect as the edge of the cell is traversed, albeit in different ways; for the problem with horizontal no-slip boundaries, it is by virtue of the fact that the boundary-layer equations are self-starting at (0,0) and (λ,1).
Analogous to Fig. 2 , the overall asymptotic structure of the flow for the no-slip case is as depicted in Fig. 3 .
IV. NUMERICAL IMPLEMENTATION
There remain three numerical tasks:
r the solution of the full equations (12)- (15), subject to (17)- (20); r the solution of the full equations (12)- (15), subject to (19) - (22); r the solution of the asymptotic problem derived in Sec. III.
We describe these in turn. 
A. Full equations
For these, we used the finite element-based software, Comsol Multiphysics. Lagrangian Q2-Q1 quadrilateral elements for Eqs. (24) and (25) and second-order quadrilateral elements for Eq. (26) were used on mapped non-uniform meshes having 10 000 (100×100) elements, corresponding to around 130 000 degrees of freedom. The computational mesh that was used was decided upon after a grid independence study, although, in the interest of brevity, the results of this are not presented here; the fact that we obtain good agreement with the asymptotic results means that we can be sure that we have computed accurately enough. At first sight, the principal numerical issues that must be addressed are to ensure that the boundary layers and the plumes are adequately resolved for values of Ra that are large enough for the comparison with asymptotic theory to be meaningful; the target chosen was Ra = 10 9 . Over the two problems, the thinnest spatial structures are of extent Ra −1/3 , giving a dimensionless width of 10 −3 ; thus, the meshes that were used were refined in such a way as to ensure that five elements were located within this distance of the boundaries. The same mesh was used for both problems and for all values of Ra and λ, so as to enable a converged solution obtained for one value of Ra to be used as an initial guess for a new value.
As for the range in λ that was used, we settled for 0.2 ≤ λ ≤ 2, in line with Ref.
11. An important point which enables us to find solutions for a much greater number of aspect ratios than, say, Ref. 13 , is that we rescaled Eqs. (12)- (15) via x = λx to obtain
This avoids the need to make a new geometry for each value of λ and, more importantly, allows us to use a converged solution for one value of λ as an initial guess for a computation for a new value; thus, in tandem with the software's multidimensional Newton solver, λ and Ra can both be used as stepping parameters. For all cases, the same convergence criterion, namely, ⎛
was applied; here, where N dof is the number of degrees of freedom, E i is the estimated error in the latest approximation to the ith component of the true solution vector and ε = 10 −6 ; lower values of ε were also tried, but the results were practically indistinguishable.
Whilst the above describes the solution to the steady equations, it also proved necessary to consider the associated transient problem as a route to obtaining the solution to the steady problem. To do this, we insert the time-derivatives u t , v t , and θ t into the left-hand sides of Eqs. (78)- (80), respectively, with t denoting time, and employ Comsol Multiphysics' transient solver. The same types of elements were employed as for the steady solver, and the convergence criterion at each time-like step was taken as ⎛
where (U i ) is the solution vector corresponding to the solution at each time step, A i is the absolute tolerance for the ith degree of freedom, and R is the relative tolerance; for the computations, R = 10 −2 , A i = 10 −3 for i = 1, . . . , N dof were used. Finally, we point out that although Comsol Multiphysics does contain a variety of numerical stabilization techniques for coupled heat and momentum transfer equations that could be of use for high values of the Rayleigh number -namely streamline, crosswind, and isotropic diffusion -we have eschewed the use of these for two reasons: to illustrate the comparative difficulty of solving the two problems; because we ultimately found that our numerical solution was able to capture the correct asymptotic behavior without us having to resort to stabilization.
B. Asymptotic problem
The logical sequence for solving this is:
1. solve forψ, which satisfies
subject toψ = 0 at x = 0, λ and y = 0, 1,
2. make an initial guess for χ (call it χ (0) ); 3. solve Eqs. The numerical solution of (83) subject to (84)-(87) is discussed in Appendix C. Turning instead to the solution of Eqs. (60)-(64), we note first that there will be difficulties as we approach x = λ, because ω ∞ ∼ (λ − x) −1/2 , meaning that the left-hand side in Eq. (60) becomes unbounded. It is therefore advisable to preempt the problem by defining the variablē
so that Eqs. (60)- (64) become
However, this still does not appear to be adequate since, if all the terms are now finite, then Eq. x are both finite and non-zero; hence, it is appropriate to introduce the transformation
so that (89)-(91) become
with (92) and (93) remaining unchanged. This time, all terms in the governing equations, (95)-(97), are finite as the end of the thermal boundary layer is approached, i.e., as ϕ → λ; in this limit, we have
At this point, we note that the Nusselt number, as defined in Eq. (33), is given in transformed variables by
which has an integrable singularity at ϕ = 0, since the integrand in (101) behaves as ϕ −1/2 as ϕ → 0. This is remedied by using ξ := ϕ 1/2 instead, which gives
whereas Eqs. (89)- (93) become
with χ being given by
thus, of the five forms of the boundary-layer equations that have been given, i.e., (55)- (59), (60)- (64), (89)- (93), (95)- (97), and (103)- (105), the last of these is best-suited for delivering the numerical value of Nu. Finally, in line with the discussion in Appendix B, we remark that we implement boundary conditions (106) and (107) in the form: atη = 0,
where A(ξ ) in Eq. (111) is iterated on until
For the numerical solution of equations (103)- (105) subject to (70) and (109)- (113), the 1D transient mode of Comsol Multiphysics was used, with ξ as the time-like variable. Once again, second-order elements were employed, with the outer edge of the computational domain taken at η = 20, which was found to be more than sufficient; grid independence was obtained by using 960 elements inη, corresponding to around 5800 degrees of freedom. The convergence criterion at each time-like step was of the same form as in (82).
V. RESULTS
A. No-shear boundary conditions at y = 0, 1 Fig. 4 shows Nu/λRa 1/3 vs. λ for three values of Ra and compares our computations with the asymptotic result of Jimenez and Zufiria. 11 We see that there is considerably better agreement between asymptotic and numerical results than was previously the case, 11, [14] [15] [16] [17] [18] even so far as capturing the maximum in Nu/λRa 1/3 near λ = 1; the results strengthen the claim made in Ref. 11 that Roberts' result 10 was incorrect. Fig. 5 shows Nu/λRa 1/3 vs. Ra for λ = 0.2, 1 and 2; the purpose of this is to see whether Nu/λRa 1/3 is actually approaching the limiting value as Ra → ∞, and indeed this does appear to be the case.
Furthermore, in order to help explain the anomalies that arise in the later results for the no-slip case, we present also the profiles for (−θ y ) y = 0 /Ra 1/3 for Ra = 10 7 , 10 8 , 10 9 when λ = 3/2; this is given in Fig. 6 . There is no untoward behavior, with the mesh used clearly being able to resolve the heat flux without any difficulty.
B.
No-slip boundary conditions at y = 0, 1 Fig. 7 shows results obtained for Ra = 10 6 , 5 × 10 6 , and 10 7 using the steady solver. Whilst the curve for Ra = 10 6 is continuous, the curves for Ra = 5 × 10 6 and 10 7 each have two branches. For all three values of Ra, a converged solution was first obtained for λ = 0.2 at a low value of Ra, for which the problem is fairly linear; the value of Ra was then increased to the desired value, from which we stepped up in values of λ up to λ = 2. For Ra = 10 6 , it was possible to step all the way to λ = 2, but for the higher values of Ra, there appeared to be a critical value of λ, above which it was not possible to step. However, there is clearly more than one route to attempting to obtain converged solutions for, say, λ = 2 and Ra = 10 7 : instead of the one already mentioned, one could simply start at λ = 2 for a low value of Ra, and then progressively increase it up to Ra = 10 7 . Subsequently, one could then decrease λ, and hope to reproduce the same Nu/λRa 1/5 or Nu/λRa 1/3 vs. λ curve as one would have obtained had one started at λ = 0.2. Indeed, this is what happens for the no-shear case, although not for the no-slip case for high enough values of Ra. It is this procedure that has led to the two lower branches for Ra = 5 × 10 6 and 10 7 . Moreover, for these two values of Ra, it is clear that there is a range in λ over which there appears to be more than one steady solution. To explore this further, we carried out runs using the transient solver for Ra = 10 7 and λ = 1, 1.3, and 1.6; we chose these values of λ as they lie, respectively, before, in the middle of and after the interval in which there appeared to be more than one steady solution. For all three cases, we used as initial condition the converged unique steady solution for Ra = 10 6 . We found that whereas the runs for λ = 1 and λ = 1.6 gave the unique solution already described in Fig. 7 , the run for λ = 1.3 gave a transient solution; Fig. 8 a function of time for this case. Consequently, it is reasonable to suppose that the interval in λ for which the steady state solver gives non-unique solutions is where there is only a transient solution. Furthermore, the fact that this interval is shorter for Ra = 5 × 10 6 than for Ra = 10 7 , as shown in As a caveat to these results, it is worth noting the combined use of steady and transient solvers, rather than one or the other, is beneficial. The steady solver is much quicker to run, but is clearly unable to interpret the meaning of apparently non-unique solutions. On the other hand, the range in λ values for which such solutions are obtained does serve to determine the interval in λ for which there is only a transient solution, which can then be verified a posteriori using the transient solver. Fig. 10 shows Nu/λRa 1/5 vs. λ for Ra = 10 7 and 10 8 , and compares our computations with Eq. (102) and that of Roberts; 10 in addition, Fig. 11 shows χ as a function of λ in our asymptotic solution. There are several features to observe here: convincing as for the no-shear case, it is nonetheless reasonable for λ = 0.2 and 1. For λ = 2, it is evident from Figs. 7 and 10 that there will be an onset to a transient solution for some value of Ra between 10 7 and 10 8 ; hence, we have truncated this curve at Ra = 10 7 . Fig. 13 compares the profiles of (−θ y ) y=0 /Ra 1/5 vs. x for Ra = 10 7 , 10 8 and λ = 1 with the asymptotic solution for λ = 1. The agreement is generally good, although not so near the corners, as might be expected; nevertheless, these are asymptotically small regions, which do not impact at leading order on the Nusselt number, as already shown in Fig. 10 .
Finally, it turns out to be instructive to consider the streamfunction, ψ, for a given value of Ra and two values of λ that are either side of the transient solution region in Fig. 10 ; for this purpose, we take Ra = 10 7 and λ = 1, 1.6. and 17 showψ for λ = 1 and 1.6; in both cases,ψ is symmetric. From this, we conclude that the asymptotic solution that we have obtained in this paper is only valid for values of λ that are smaller than the transient onset value.
VI. CONCLUSIONS
This paper has revisited, both asymptotically and numerically, the problem of fast steady Rayleigh-Bénard convection at infinite Prandtl number in a rectangular enclosure of varying aspect ratio, λ. There are two generic cases: (i) zero shear stress at all boundaries; (ii) zero shear stress at the vertical boundaries, but no slip at the horizontal ones. Although these cases had been considered previously by others, [10] [11] [12] there was neither qualitative agreement on the asymptotic structure of the solution, nor quantitative agreement between asymptotic and numerical results. For (i), we have reconciled our new numerical solutions with the asymptotic results of Jimenez and Zufiria, 11 whereas, for (ii), we have provided both asymptotic and numerical solutions that agree well with each other. Problem (ii) was found to be the more complex of the two, because of aspect ratio intervals for which there was no steady solution. Thus, whilst a steady-state numerical solver is expedient for a wide-ranging parameter study in λ and the Rayleigh number, Ra, a transient solver is also necessary in order to ascertain which (λ, Ra)-combinations give genuine steady-state solutions.
We note also how our work relates to that of Grossmann and Lohse, 19, 20 who produced a partition of Ra-Pr parameter space, where their regime I > ∞ corresponds to the no-slip asymptotic result derived here; moreover, it can be seen that increasing further the Rayleigh number, to above 10 9 or so, leads to another regime, III ∞ , that involves turbulent boundary layers and for which a different Nu scaling law holds. Furthermore, and in light of the findings in Refs. 19 and 20, it is necessary to re-assess in what sense the solutions we have found here can be considered as exhibiting asymptotic behaviour: although this phrase may convey the idea that the theory should apply better the higher the value of Ra becomes, in practice the limit is at around Ra ∼ 10 9 . Finally, it is worth pointing out explicitly the significance of our findings regarding steady and transient solutions for the benchmarking of numerical codes in the context of mantle convection. [2] [3] [4] [5] [6] [7] [8] [9] Our results indicate that, for some values of λ and Ra, it is possible that a steady-state code will compute a converged solution, even though there is only a transient solution for that (λ, Ra)-combination. Consequently, the only way to be sure is to carry out a transient computation, although, in our experience, this leads to far greater computational expense, particularly for (λ, Ra)-combinations that do have a genuine steady state solution. The remaining numerical task is the solution of (C1), subject to (C2)-(C5), which can be solved using the same finite-element method described in Sec. IV. To demonstrate how well the above splitting procedure works, we show in Fig. 18 the profiles obtained for −ω ∞ /χ 1/2 vs. x/λ for λ = 0.2, 1, 2; as is evident, our method gives a smooth oscillation-free profile for ω ∞ as required for use in the boundary-layer computations.
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